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FOREWORD

This report describes a certain “tangential” theoretical result obtained from work per-
formed in the Strategic Systems (K) Department at the Naval Surface Warfare Center
(NAVSWC) as part of an independent research grant entitled “A Category Theoretic Ap-
proach to Relational Database Schemes.”

This report has been reviewed and approved by Ted Sims, Space Sciences Branch Head,
and James L. Sloop, Space and Surface Systeias Division Head.

Approved by:

R. L. SCHMIDT, Head
Strategic Systems Department
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PRELIMINARIES

A graph G = (V, E) is a finite nonemp.y set V of vertices and a set E of edges that are
unordered pairs of elements of V. The order p of G is |V|, and the size q of G is |E|. The
edge e = {u,v } € E joins the adjacent vertices u and v (denoted u ~ v), and is incident
to both u and v.

The neighborhood n(v) of a vertex v is the set of vertices adjacent to v. The number d(v)
of edges incident to v is the degree or valency of v. When d(v) = 1, then v is an end-vertez
of G. The valency-sequence vs(v) of a vertex v is the non-decreasing sequence of valencies
of neighbors of v. The reduced valency-segicice rvs{v) is obtained by subtracting one
from each term of vs(v). A vs(u) for u € V(G — v) is v-ezcluded if v € n(u) in G.

Ordinary graphs are those with order at least three. A vertez-deleted subgraph (or card)
G, = G — v is the subgraph of G obtained by removing v and all edges incident to v. A
null graph N, has order p and size ¢ = 0. A star graph K, , is one that is isomorphic to
the quotient graph obtained by identifying s edges at one common central vertex.

The category Graph has finite, simple, and undirected graphs for objects, and graph
homomorphisms for morphisms. Here, f : G — H is a morphism when f(u) ~ f(v)
whenever u ~ v (f is not necessarily onto).

In any category, a solution of the diagram

A& B g, (D)

is an object C and morphisms g, g, such that g, f; = g2 f2. A pushout of (A) is a solution
(C,91,92) with the additional property that for any solution (D, h;,h;), there exists a
unique morphism 8 : C — D making the following diagram commute {1,p.33]:

If (C,g1,92) and (D, h;, hy) are pushouts of (A), then 8 is an isomorphism [1,p.16]. This
is the universal property of pushouts.

If O, and O; are objects in some category, then their coproduct is an object O, [ O,
together with morphisms hi : Ox — O1 [] Oz, k = 1,2, called injections, with the property

1
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that for any object X and any morphisms my : Ox — X, k = 1,2, there is a unique
morphism ¥ : Oy [[ O2 — X such that my = ¢hy, k = 1,2 [3,p.58]. A coproduct in Graph
is just the disjoint union of graphs together with the inclusion maps {2,p.128]. Specifically,
if G and H are graphs, then G [[ H has as vertex set the disjoint union V(G)\V V(H ); edge
set the disjoint union E(G)V E(H); and injections (imbeddings) V(G) «— V(G)\ V(H)
and V(H) - V(G)V V(H).

An automorphism of a graph G is an isomerphism of G onto itself, i.e., a permutation of
V which preserves adjacency. Collectively, the automorphisms of G (under composition)
form the automorphism group Aut(G) of G. Subsets V' and V" of V are a-equivalent
whenever there is an a € Aut(G) mapping V' into V". If for each pair, (uy,...,ux)
and (v,,...,vx), of k-tuples of vertices of G there is an automorphism a of G ¢+h that
a(u;) =v;,t=1,... ,k, then the graph G is k-iransitive.

A hypomorphism of a graph G onto a graph H is a bijection o : V(G) — V(H) such
that for every v € V(G), G, is isomorphic to (~) H,(,). Graphs G and H are hypo-
morphic whenever a hypomorphism of G onto H exists. If G and H are hypomorphic
ordinary graphs, then they are both connected or disconnected; they have the same num-
ber of vertices and the saine number of edges; they have the same degree sequence; and
corresponding vertices (v « o(v)) have the same vilency-sequence [4].

A graph G is reconstructible if every graph hypomorphic to G is isomorphic to G. If
z € V(G), then a graph H is a z-reconstruction of G when V(G) =V(H),G -2 =H — z,
and G is hypomorphic to H.

CARD DIAGRAMS AND CONJUGATE o¢-PAIRS

We consider only ordinary graphs. Let G be such a graph with vertex v. Let K = K 4(,)
be the subgraph of G induced by the edges incident to v; N = Ny, = V(Gy) N V(K);
and define the G, card diagram

G, >NLK, (%)

where the inclusions ¢ and j are clearly homomorphisms (E(N) = ).
The proof of the following Lemma is obvious.

Lemma 1. If o : G — H is a hypomorphisin, then for each (*) there is an induced H,(y)
card diagram

-/

Hyw) = N' & K, (#)

where N' = Ny(o(v)), K' = K 4(6(v)), and i',j" are inclusions.
For a hypomorphism ¢ : G — H, the set P(¢) contains p o-pairs {i,i'} where 7 and ¢'
are corresponding inclusions appearing, respectively, in the G, and H,,) card diagrams.

If there are isomorphisms ¢ and ¥ such that diagram (@) commutes, then call : and 7'

2
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o-conjugate.
G, +——N

4 r/)l (@)

Ha(v) 4'———2—'——’ JV’

Lemma 2. The inclusions i and i’ are o-conjugate if, and only if, there is an isomorphism
¢ : G, — Hgy(y) such that im(¢i)= im(%').

PROOF: (<) Let ¢ = (¢') ' ¢i. (=) Obvious. g
The now obvious proofs of the two following corollaries are omitted.

Corollary 3. Let o, ¢, ¢, be as in Lemma 2. Suppose ¢ : G, = Hg(y) is an isomorphism.
If therc is an automorphism « of G such that im(i) and im(¢~'i' ) are a-equivalent, then
1 and i’ are u-conjugate.

Corollary 4. With the same hypothesis as Lemma 2, if : and ¢’ are onto, then they are
o-conjugate.

The next Lemma also has an easy proof.

Lemma 5. Given any isomorphism ¢ : N — N'| there is an isomorphism v : K —» K'
such that vj = 3'¢.

MAIN RESULTS

Continuing with the same notation as above, let
W:KUGU — G and w':K'UH,(,,) - H

be the projective homomorphisms which map the vertices and edges of the coproduct onto
G and H. For example, the restriction of 7 to K is just an inclusion map. Next consider
the diagram :
J

Ne————K

(1)

where the homomorphisms A; = wh; and A, = why. Similarly, the #’ morphism induces a
corresponding diagram with A} and Aj5.

Lemma 6. (G, )\, A2) is a pushout of () in Graph.

3
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PROOF: It is easy to show that (G, A1, A7) is a solution to (*). To see that (G, A, A2)isa
pushout, consider the diagram

Given that (H,&;,6,) is a solution, one can define the desired inorphism

9=(61U52)07r'1

where 6; [[ 62 : K ][ G, — H exists because K[| G, is a coproduct. g

Theorem 7. An ordinary graph G is reconstructible if, and only if, for each hypomorph
H of G there are homomorphisms §, and é; such that (H,é;,6;) is a pushout of () for
some card of G.

PROOF: If G is reconstructible, then we can choose 8 in diagram (2) to be an isomorphism
and detine
61 = 9/\1 and 62 = 9/\2

Since (G, A1, A2) is a pushout of (), we see (II,8;,62) is a pushout of (). The converse
follows from the universal property of pushouts of (*), i.e., any two are isomorphic. g

Theorem 8. Let G be an ordinary graph. If for each hypomorphism o, P(o) contains a
conjugate o-pair, then G is reconstructible.

PROOF: If i,i' are o-conjugate, then there exists isomorphisms ¢ and 3 such that

Gv+——i—-—>N

¢ Y )

-

Ha(v) 1—-1—-——’ N'

is commutative. Also, it follows from Lemma 5 that there exists an isomorphism v which
extends the diagram (3) to the commutative diagram:

G,,«——i——>N<—ri———>K

!

Hc(v) €
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It follows from a proof analogous to that of Lemumna 6, that for the inclusions 6, : K’ — H,
82 1 Hy(yy — H, the triple { K, ), 62) is a pushout of the botton: row of diagram (4). With
this and the isomorphisms in diagram (4), we conclude that (H,é;, é7) is a pushout of (*).
But since H 1s an arbitrary hypomorph of G, we apply Theorem 7 and conclude that G is
reconstructible. g

APPLICATIONS

Assuming all graphs are ordinary, applications of Theorem 8, and the lemmas and corol-
laries of the second section, yield the following:

Theorem 9. Let G be a graph of order p. If there is a v € V/(G) such that dg(v) = p—1,
then G is reconstructible.

PROOF: Diagram (@) commutes for each hypomorph H, since dy(o(v)) = p—1 and ¢,7'
are onto. g

Theorem 10. A graph G which has a dg(v)-transitive G, card is reconstructible.

PROOF: Observe that im(z) and im(¢~'4') are a-equivalent in diagram (@) for each hy-
pomorph. §

Theorem 11. A graph G is reconstructible if every hypomorph of G is a z-reconstruction

of G.

PROOF: For each hypomorph, ¢ and ¢ are identities and diagram (@) commutes. g

The followine two theorems are equivelent to the “good neighbor” theorems found in
[4,pp. 216-217].

Theorem 12. A graph is reconstructible if it has a vertex with a unique reduced valency
sequence.

PROOF: A unique rvsg(v) inplies the corresponding set

{do,(w)|lw € ng(v) }
is unique in G,. Since ¢ preserves this uniqueness, diagram (@) commutes for each hypo-

morph. g

Theorem 13. A graph is reconstructible if it has a vertex v each neighbor of which has
a unique, possibly v-excluded, valency sequence.

PROOF: Observe that
vsg, (w), where w € ng(v),

is preserved by ¢ and the diagram (@) commutes for each hypomorph. §

(W1}
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REMARKS

The Reconstruction Conjecture, which asserts that every ordinary graph can be uniquely
reconstructed from its deck of vertex deleted subgraphs, is generally regarded as one of
the foremost unsolved problems in graph theory. Here we have cast the reconstruction
problem in a category theoretic framework and demonstrated the ease with which certain
reconstruction results can be obtained when viewed from this perspective. We note that
while seeming of little practical value, it is possible that such results may prove useful in
areas such as distributed information synthesis.
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